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We present a scalable scheme for superconducting charge qubits with the assistance of one-dimensional su-
perconducting transmission line resonator (STLR) playing the role of data bus. The coupling between qubit
and data bus may be turned on and off by just controlling the gate voltage and externally applied flux of super-
conducting charge qubit. In our proposal, the entanglement between arbitrary two qubits and W states of three
qubits can be generated quickly and easily.
PACS numbers: 03.67.Lx,85.25.-j
I. INTRODUCTION
As a candidate of scalable solid-state quantum computer,
superconducting circuits with Josephson junction [1] have at-
tracted much attention in recent years. A series of successful
experiments in single superconducting charge [2], flux [3] and
phase [4] qubits have demonstrated the macroscopic quantum
coherence and the relative long coherence time. Due to the
good performance of single superconducting qubit, people are
now exploring the possibility for scaling up to many qubits.
Two-qubit experiments have been performed in supercon-
ducting charge [5, 6], flux [7, 8, 9] and phase [10, 11, 12]
qubits and the entanglement has been observed. Usually, the
interaction between qubits in these experiments is always on
during the manipulation. There are many theoretical propos-
als [1, 13, 14, 15, 16, 17, 18] for coupling any pair of qubits
selectively through a common data bus or by adding additional
sub-circuits. There are currently experimental efforts in im-
plementing these proposals.
Recently, superconducting qubits coupled to an LC oscilla-
tor or one-dimensional superconducting transmission line res-
onator (STLR) [19] has attracted much interest. Such systems
were of great interest not only in the study of the fundamental
quantum mechanics of open systems but also as the potential
candidates of scalable superconducting quantum computers.
In the ion-trap quantum computer [20], the harmonic oscil-
lator played an important role as data bus. Similarly, the LC
oscillator or STLR can also play the role of data bus. Data-bus
plays an important role in quantum information processing
[22]. With the help of data bus, state transfer [21] and n-qubit
controlled phase gate [23] for superconducting phase qubits
were proposed. By coupling a charge qubit with a micro-
cavity, macroscopic superposition states can be generated by
manipulating the gate voltage and external flux in an elegant
way in Refs. [24]. By using the appropriate time-dependent
electromagnetic fields, Liu et al. [25] presented a scheme of
scalable circuit for superconducting flux qubits, where quan-
tum two-gate is realized by applying an external classical light
fields.
The work of [25] provides a scalable superconducting quan-
tum computer scheme using flux qubit. Inspired by the inter-
esting idea in Ref.[25], we present a scalable superconduct-
ing charge quantum computer scheme up to many qubits with
the assistance of STLR playing the role of data bus. In this
scheme, both single- and two- qubit gates can be implemented
by just controlling the gate voltage and externally applied flux.
It is found that Bell states and W states can be generated
quickly in a simple way.
II. THE MODEL HAMILTONIAN
A. Single superconducting charge qubit
The single superconducting charge qubit consists of a small
superconducting island with cooper-pair charge Q = 2ne
connected by two identical Josephson junctions(each with ca-
pacitance CJ and Josephson coupling energy EJ ) to a super-
conducting electrode. This is the structure of a dc SQUID.
A gate voltage Vg is coupled to the superconducting island
through gate capacitance Cg . The gate voltage Vg and exter-
nally applied flux Φe are externally controlled and used to bias
the superconducting island and the dc SQUID. A schematic
diagram of the single-qubit structure is show in Fig.1. The
Hamiltonian of the system is
Hq = Ec(n− ng)2 − 2EJ cos(piΦe
Φ0
) cosϕ, (1)
where
Ec =
(2e)2
2(2CJ + Cg)
(2)
is the single-cooper-pair charging energy of the island, ng =
CgVg/2e is the gate charge induced by the gate voltage,
−2EJ cos(piΦe/Φ0) is the effective Josephson coupling en-
ergy and Φ0 = h/2e is the flux quantum.
In the charge regime, that is Ec ≫ EJ , and in the neighbor-
hood of ng = 1/2, only two charge states, say |0〉 and |1〉, are
relevant. In the representation of this two charge states, the
reduced two-state Hamiltonian can be written in the spin-1/2
form
Hq = −1
2
Ec(1− 2ng)σz − EJ cos(piΦe
Φ0
)σx. (3)
2
 
gC
eΦ
JE JC
gV
FIG. 1: The structure of superconducting charge qubit. The Joseph-
son coupling energy and capacitance of the two identical Josephson
junctions is EJ and CJ . The gate voltage Vg and externally ap-
plied flux Φe are used to bias the superconducting island and the dc
SQUID.
The eigenvalues of single-qubit Hamiltonian are
E± = ±E = ±
√
1
4
E2c (1 − 2ng)2 + E2J cos2(
piΦe
Φ0
),
and eigenstates
|g〉 = sin η
2
|1〉+ cos η
2
|0〉, (4)
|e〉 = cos η
2
|1〉 − sin η
2
|0〉,
where
η = tan−1(
2EJ cos(
piΦe
Φ0
)
Ec(1− 2ng) ).
In the representation of eigenbasis, the Hamiltonian is diago-
nalized as
Hq = −1
2
~Ωρz, (5)
where Ω = 2E/~ and ρz = |g〉〈g| − |e〉〈e|.
B. Interaction of the charge qubit with one-dimensional cavity
Here we consider the one-dimensional cavity realized by
STLR [19]. For an ideal one-dimensional STLR with length l
and the boundary conditions I(0, t) = I(l, t) = 0, the quan-
tized current is
I =
∑
k
√
~ωk
lL
(a†k + ak) sin
kpix
l
,
where ωk = kpi/(l
√
LC) and L (C) is the inductance (capac-
itance) per unit length. The Hamiltonian of the STLR reads
Hc =
∑
k
~ωk(aka
†
k +
1
2
). (6)
Consider the k-th mode of the STLR, the current
Ik =
√
~ωk
lL
(a†k + ak) sin
kpix
l
.
Placing the superconducting qubits at the points x = (2n +
1)l/2k, where n is an arbitrary integer, the Hamiltonian of the
combined system reads
Ht = ~ω(a
†a+
1
2
)− 1
2
Ec(1− 2ng)σz
−EJ cos(pi(Φe +Φq)
Φ0
)σx, (7)
where Φq = µ0S
√
~ω/lL(a† + a)/(2pid) is the quantized
magnetic flux induced by the quantized current, d is the dis-
tance between the qubit and STLR and S is the area en-
closed by the dc SQUID. Here, for simplicity, we denote ωk
as ω and ak as a. Generally speaking, Φq ≪ Φe, then the
Hamiltonian(7) approximately reads
Ht = ~ω(a
†a+
1
2
)− 1
2
Ec(1− 2ng)σz − EJ cos(piΦe
Φ0
)σx
+
µ0EJS
2Φ0d
√
~ω
lL
sin(
piΦe
Φ0
)(a† + a)σx.
In the eigenbasis of the qubit’s Hamiltonian and under the
rotating-wave approximation, the total Hamiltonian of the
combined system (qubit and STLR) reads
H = ~ω(a†a+
1
2
)− 1
2
~Ωρz + ~λ(a
†ρ− + ρ+a), (8)
where ρ+ = |e〉〈g|, ρ− = |g〉〈e| and the coupling coefficient
of qubit and STLR
λ =
µ0EJS
2Φ0d
√
~ω
lL
sin(
piΦe
Φ0
) cos η.
III. SINGLE QUBIT MANIPULATION AND TWO-QUBIT
PHASE GATE
Any unitary transformation can be constructed from a set of
basic elementary gates. We adopt the scheme for single qubit
manipulation in Ref.[25]. However, different from the flux-
qubit in Ref.[25], two-qubit gate in our scheme is realized by
adjusting the gate voltage and the externally applied flux.
Single qubit manipulation can be easily implemented.
In the Hamiltonian Eq.(8), which has been well studied in
quantum optics [27], in the large detuning limit, that is |∆| =
|Ω−ω| ≫ |λ|, the interaction between qubit and STLR can be
neglected [28]. In this regime, the single qubit manipulation
may be implemented by changing ng and Φe rapidly, as if the
superconducting transmission line were absent. It has already
been demonstrated in general in experiments [2, 5, 6].
We now study the two-qubit gate. By controlling gate
voltage and the externally applied flux, one can set a qubit
3resonating with the STLR, that is ∆ = 0. In the resonant
case, the evolutions of the states of qubit and STLR are
|g, 0〉 → |g, 0〉, (9a)
|g, n+ 1〉 →
[cos(
√
n+ 1λt)|g, n+ 1〉 − i sin(√n+ 1λt)|e, n〉],(9b)
|e, n〉 →
[cos(
√
n+ 1λt)|e, n〉 − i sin(√n+ 1λt)|g, n+ 1〉].(9c)
Here, in Eq.(9b) and (9c) we dropped a global phase factor
e−i(n+1)ωt.
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FIG. 2: The N qubits are placed at the points x = (2n + 1)l/(2k)
along the STLR, n is an arbitrary integer. Φe and Φq are externally
applied flux and flux induced by the transmission line.
A scalable quantum circuit can be constructed by placing
N charge qubits at the points x = (2n + 1)l/(2k) along the
STLR acting as the data bus, as shown in Fig.2, and a similar
setup where the qubits are connected by capacitances has been
given in Ref. [26] where phase transition has been studied in
detail. The Hamiltonian of the system reads
Hs = ~ω(a
†a+
1
2
)−1
2
~
N∑
k=1
Ωkσ
(k)
z +~
N∑
k=1
λk(a
†ρ(k)− +ρ
(k)
+ a).
(10)
If the detuning between each qubit and STLR is great larger
than their coupling constants, that is |λk|/|∆k| ≪ 1, then all
N qubits are decoupled from the cavity, so one can do the
single-qubit operations as discussed above.
To implement two-qubit manipulations, the selected two
qubits should be sequentially coupled to the STLR. Suppose
we want to implement a two-qubit manipulation acting on the
i-th and j-th qubits, we can sequentially setting the the i-th
and j-th resonating with the STLR. Firstly, we consider how
to implement a two-qubit phase gate. Initially set the STLR in
the vacuum state |0〉, and let the i-th qubit, the j-th qubit and
then the i-th qubit sequentially resonating with the STLR for
time duration τ1, τ2 and τ3 with τ1 = τ2 = τ3 = 2pi/λ, ac-
cording to formulas (9), the dynamical evolutions of the four
states |gi, gj, 0〉, |gi, ej, 0〉, |ei, gj, 0〉, |ei, ej, 0〉 are
|gi, gj , 0〉 → eiθ1 |gi, gj , 0〉, (11a)
|gi, ej, 0〉 → eiθ2 |gi, ej , 0〉, (11b)
|ei, gj, 0〉 → eiθ3 |ei, gj , 0〉, (11c)
|ei, ej , 0〉 → eiθ4 |ei, ej , 0〉 (11d)
with
θ1 =
(Ωi + 2Ωj)pi
λ
, (12a)
θ2 = − (−Ωi + 2Ωj + 2ω)pi
λ
, (12b)
θ3 = − (Ωi − 2Ωj + 4ω)pi
λ
, (12c)
θ4 = − i(Ωi + 2Ωj + 6ω)pi
λ
. (12d)
Here, we assume that eigenfrequencies Ωis of qubits are dif-
ferent when the qubits are not resonant with the STLR. In fact,
the result won’t be affected even if the eigenfrequencies Ωis
are equal. After the dynamical evolutions with the given time
durations, a two-qubit phase gate is constructed as follows
Up =


eiθ1 0 0 0
0 e−iθ2 0 0
0 0 e−iθ3 0
0 0 0 e−iθ4

 (13)
Because all of the two-qubit gates are universal [29], any two
qubit operation can be obtained by combining the two-qubit
phase gateUp with well-chosen single-qubit operations for the
i-th and j-th qubits. Therefore, quantum computation can be
realized by combination of two-qubit phase gate with single-
qubit operations.
IV. GENERATION OF ENTANGLEMENT
A. two-qubit entanglement
The entangled state between the i-th and j-th qubits can be
easily generated with the assistance of STLR. If two qubits,
say the i-th and j-th qubits, resonate with the STLR simulta-
neously, the Hamiltonian of the system reads
HI = ~ω(a
†a+
1
2
)−1
2
~
∑
k=i,j
ωσ(k)z +~
∑
k=i,j
λk(a
†ρ(k)− +ρ
(k)
+ a),
(14)
here, for simplicity, we assumed that the coupling coefficient
λk is the same when qubits resonate with the STLR. The
eigenvalues of Hamiltonian Eq.(14) are
E1 = ~ω(n− 1
2
)− ~λ√4n− 2, (15a)
E2 = E3 = ~ω(n− 1
2
), (15b)
E4 = ~ω(n− 1
2
) + ~λ
√
4n− 2, (15c)
4and the corresponding eigenvectors are
|ψ1〉 = −
√
n
4n− 2 |g, g, n〉+
1
2
|g, e, n− 1〉
+
1
2
|e, g, n− 1〉 −
√
n− 1
4n− 2 |e, e, n− 2〉, (16a)
|ψ2〉 = −
√
n− 1
2n− 1 |g, g, n〉+
√
n
2n− 1 |e, e, n− 2〉,(16b)
|ψ3〉 = − 1√
2
|g, e, n− 1〉+ 1√
2
|e, g, n− 1〉, (16c)
|ψ4〉 =
√
n
4n− 2 |g, g, n〉+
1
2
|g, e, n− 1〉
+
1
2
|e, g, n− 1〉+
√
n− 1
4n− 2 |e, e, n− 2〉. (16d)
The ground state of Hamiltonian Eq.(14) is |g, g, 0〉 and the
corresponding energy is E = − 12~ω. From the eigen-states,
it is easy to write out the evolution of the system. For instance
if the initial state of the system is |g, g, 1〉, the state at time t
will be
|ψ(t)〉 = e− iωt2 [cos(
√
2λt)|g, g, 1〉 − i√
2
sin(
√
2λt)|g, e, 0〉
− i√
2
sin(
√
2λt)|e, g, 0〉]. (17)
When
√
2λt = pi/2, the state of the i-th and j-th qubits is a
Bell-state becomes a Bell-state |Ψ+〉 = (|g, e〉 + |e, g〉)/
√
2.
Usually, the state of the STLR is in the vacuum state |0〉, to
prepare the system in state |g, g, 1〉, we first start from state
|e, g, 0〉, then setting i-th qubit resonating with STLR for a
time duration τ1 = pi/(2λ), and according to Eq. (9c), the
state becomes |g, g, 1〉. Then the Bell-state is obtained by
setting i-th and j-th qubit resonating simultaneously with the
STLR for a period of τ2 = pi/(2
√
2λ), as shown in Eq. (17).
B. Generation of W states
In this section, we discuss the generation of W states of
arbitrary three qubits. Using sequential resonance between
qubits and STLR, the W states can be generated in a similar
way to the generation of Bell states. We consider the i-th, j-th
and k-th qubits. Suppose the initial states of the three qubits i,
j, k and STLR are |g〉, |g〉, |e〉 and vacuum state |0〉, respec-
tively. Firstly, setting the k-th qubit resonating with STLR for
a time duration t1, according to Eq.(9), the evolution of state
of the k-th qubit and STLR is
|e〉k|0〉 → cos(λt1)|e〉k|0〉 − i sin(λt)|g〉k|1〉,
here, we neglect a global phase factor e−iωt1 . Secondly, set-
ting the i-th and j-th qubit resonating with STLR for a time
duration t2, according to Eq.(16), the state of the combined
system (three qubits and STLR) becomes
e
iωt2
2 cos(λt1)|g〉i|g〉j |e〉k|0〉
−ie− iωt22 sin(λt1)[cos(
√
2λt2)|g〉i|g〉j |g〉k|1〉
− i√
2
sin(
√
2λt2)|g〉i|e〉j |g〉k|0〉
− i√
2
sin(
√
2λt2)|e〉i|g〉j |g〉k|0〉]. (18)
If the resonating time t2 satisfies cos(
√
2λt2) = pi/2, that is
t2 = pi/(2
√
2λ), the state of the combined system reads
[cos(λt1)|g, g, e〉
− 1√
2
sin(λt1)e
−i ωpi
2
√
2λ (|g, e, g〉+ |e, g, g〉)]|0〉, (19)
where we neglect a global phase factor eiωpi/(4
√
2λ) and the
subscripts i, j, k. If the resonating time t1 satisfies cos(λt1) =√
3/3, we can get the W state of the three qubits
1√
3
[|g, g, e〉 ∓ e−i ωpi2√2λ (|g, e, g〉+ |e, g, g〉)], (20)
the signs ∓ depends on the value of sin(λt1).
V. DISCUSSION AND CONCLUSION
It’s notable that the coupling coefficient λ is different in the
single-qubit operation and two-qubit gate operation, because
λ is the function of sin(piΦe/Φ0) cos η; moreover, Φe and
η are external controlled and different between single-qubit
operation and two-qubit gate operation. However, the single
qubit operation will not be affected so long as the condition
|λ|/|∆| ≪ 1 is satisfied during the single-qubit operation,
and λ can be tuned to its maximum value when the two-qubit
gate operation begins. In this paper, we consider the current
coupling between the superconducting charge qubit and the
STLR, however, the same result can be achieved by voltage
coupling.
In conclusion, we have presented a scheme for scalable
superconducting charge qubits with the assistance of STLR
playing the role of data bus. The coupling between the se-
lected qubit and the STLR can be turned on and off by just
controlling the gate voltage and externally applied flux of the
superconducting qubit. As a result, the single-qubit manip-
ulation can be performed when the qubit decoupled with the
STLR, and two-qubit gate can be implemented by setting two
qubits sequentially resonating with the STLR. The entangle-
ment state between arbitrary two qubits and W state of arbi-
trary three qubits can be generated easily and quickly. The
operation time in our scheme is much shorter than the de-
coherence time of superconducting charge qubits according
to recent experiments [2, 30]. Different from the flux qubit
gate case where two-qubit gate needs a TDEF, both single-
and two- qubit gates are implemented by changing the gate
voltage and the external flux in our scheme, the same set of
devices can be used for both of them, which is appealing to
experiment.
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